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Instanton-dyons are topological solitons – solutions of Yang-Mills equations – which appear at
non-trivial expectation value of A0 at nonzero temperatures. Using the ensembles of those, generated
in our previous work, for 2-color and 2-flavor QCD, below and above the deconfinement-chiral phase
transition, we study the correlations between them, as well as fluctuations of several global charges in
the sub-volumes of the total volume. The determined correlation lengths are the finite-T extension
of hadronic masses, such as that of η′ meson.
I. INTRODUCTION
A. Instanton-dyon ensembles
Instantons, discovered in 1970’s [1] are 4-dimensional
Euclidean topological solitons of the gauge theory. En-
sembles of instantons were studied in 1980’s and 1990’s,
in a frame of the so called “instanton liquid model”, for a
review see [2]. They were shown to explain explicit break-
ing of the U(1)a and spontaneous breaking of the SU(Nf )
chiral symmetries, and a large number of hadronic corre-
lation functions.
The so called Polyakov line is used as a deconfinement
order parameter, being nonzero at T > Tc. Interpret-
ing this as existence of nonzero average A0 field, one
needs to modify all classical solutions respectively. When
such solutions were found in 1998 [3, 4] it was realized
that instantons get split into Nc (number of colors) con-
stituents, the selfdual instanton-dyons connected only by
(invisible) Dirac strings. Since these objects have nonzero
electric and magnetic charges and source Abelian (diag-
onal) massless gluons, the corresponding ensemble is an
“instanton-dyon plasma”, with long-range Coulomb-like
forces between constituents.
The first application of the instanton-dyons were made
soon after their discovery in the context of supersym-
metric gluodynamics [5]. This paper set up an infinitely
dilute but confining setting, and solved a historically im-
portant puzzling mismatch of the value of the gluino con-
densate in this theory. Further work on semi-classical
confining regimes in parametrically dilute settings has
been done by Poppitz, Unsal et al [6, 7] .
Recent progress is related to studies of the semiclassi-
cal instanton-dyon ensembles. The high-density confin-
ing phase can be studied analytically, in the mean field
approximation [8–12]. Direct numerical simulation of the
dyon ensembles, started in [13], have demonstrated that
back reaction of the dyons on the holonomy potential
generates the deconfinement phase transition. It is of
the second order for pure gauge SU(2) theory [15], but
it becomes a smooth cross over if two light quark flavors
are included [16]. The last theory also shows the chi-
ral restoration phase transition, also a crossover, which
occurs at approximately the same temperature. Both
phase transitions show strong changes [17] as a function
of nontrivial quark periodicity phases (known also as fla-
vor holonomies or imaginary chemical potentials). For a
recent brief review see [18].
B. Lattice studies
Recent efforts has resulted in a substantial progress in
lattice evaluation of the topological susceptibility χ(T ),
and even higher moments of the topological charge distri-
bution, in a wide range of temperatures, see e.g. [19–21].
Although there remain serious methodical questions, it
is generally accepted that at the high temperatures, say
T > 2Tc, these data can be explained by a dilute gas
of independent instantons. This statement holds even
in QCD with (realistically) light quarks, where the in-
stantons are highly suppressed by the product of quark
masses.
The main questions of the field are the following ones:
What are the main building blocks of the topological
ensembles at lower T < 2Tc, are they still the instan-
tons, or those get disassembled into their constituents,
the instanton-dyons? What is the density and manifesta-
tions of the neutral topological clusters, not contributing
to χ, such as the instanton-antiinstanton molecules?
We already mentioned the main lattice observable, the
vacuum expectation value (VEV) of the Polyakov line.
Its temperature dependence < P (T ) > is by now well
established. In QCD it gradually changes between zero
and one when T changes from Tc to roughly 2.5Tc. Lat-
tice data on χ(T ) in this region has not yet converged,
but it is already clear that it does not follow the dilute
instanton gas power. The question remains whether in-
deed the topology ensemble can be correctly described by
a plasma of instanton constituents, instanton dyons, and,
if so, where and how this change in the basic topology
units happens.
The semiclassical theory of the instanton-dyons has
shown that their ensemble undergoes deconfinement and
chiral transitions near Tc. As we already mentioned, this
theory semi-qualitatively reproduce the lattice results,
both in pure glue and in QCD-like settings. The question
now is how to make this comparison quantitative. In this
respect the ongoing efforts to locate the instanton-dyons
on the lattice, e.g. by Ilgenfritz and collaborators [22],
with or without imaginary chemical potentials, are very
important.
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2Another possible lattice tool, recently discussed by one
of us [23], are the fluctuation of topological and magnetic
charges on sub-lattices. The present paper, in which we
calculate the correlations and fluctuations in our ensem-
ble of the instanton-dyons, is another effort in this direc-
tion.
Finally, there remains a question of whether and how
far can the instanton-dyon description be extended into
the confining regime, say to T ∼ 0.5Tc. At low T → 0 the
absolute magnitude of the holonomy field goes to zero,
the KvBLL phenomenon disappears, and the Matsubara
box becomes infinitely large. So, perhaps the relevant
topological objects return to their 4-d symmetric form,
the instantons.
C. The main goals of this paper
General questions outlined above can be put in a more
quantitative specific form, provided one can compare cer-
tain observables measured on the lattice and in the semi-
classical ensembles.
With this in mind, we provide a set of measured quan-
tities, based on instanton-dyon ensembles from Ref.[16].
As emphasized above, those are expected to reproduce
gauge topology in the temperature range 0.5Tc < T <
2Tc, but its boundaries are not yet well defined. Where
exactly the transition between such regimes of gauge
topology take place will require more work.
The values of various correlations lengths, if known,
provide important dynamical insights. The most dis-
cussed example is related with the T = 0 correlator of the
topological charges. The corresponding screening mass is
that of the η′ meson,
mη′ ≈ 958MeV
The inverse of it, the screening length, is ≈ .2 fm, which
is several times smaller than the typical inter-soliton dis-
tances ≈ 1 fm. What this phenomenological fact tells us
is that the topological objects in the QCD vacuum must
be very strongly correlated, in an “instanton liquid”, not
an ideal gas.
Therefore, in this work we will first study the
correlations of different kind of the instanton-dyons, us-
ing previously generated ensemble of configurations, for
Nc = 2 and Nf = 2 massless QCD. As we will show, the
η′ phenomenon, shifted from the correlator of the topo-
logical charges < Q(x)Q(y) > to the correlator of LL¯
dyons, is still there, and provides the strongest correla-
tions of all channels.
The last part of the paper is devoted to study of the
fluctuations of certain global charges, the topological,
magnetic and electric ones, contained in a fraction of
the total system. Again, we will present the results from
our ensemble of the generated instanton-dyon configura-
tions. While those can be seen as just an integrated ver-
sion of the same integrated correlation functions, the mo-
tivation to discuss those comes from possible connection
between our results and those obtained on the lattice.
Perhaps determination of global charges is technically a
much easier task, compared to complete identification of
the instanton-dyons in the lattice configurations.
II. THE CORRELATIONS IN THE
INSTANTON-DYON ENSEMBLE
A. The ensemble
For simplicity, we discuss the simplest gauge group
SU(2), the generalization to SU(3) and other groups is
straightforward. For this work we use previously gen-
erated ensemble of configurations with 64 dyons, for
Nc = 2 and Nf = 2 massless QCD. These ensembles
correspond to ten values of the temperature, T/Tc =
0.66, 0.72, 0.78, 0.85, 0.92, 1.0, 1.09, 1.18, 1.28, 1.44. Note
that some of them are below and some above the
deconfinement-chiral transition, which in this theory is
of a weak crossover type.
The correlation functions to be discussed below are de-
fined and normalized as follows. We scan our stored con-
figurations of the instanton-dyon ensembles and put dis-
tances between the corresponding pairs into a file, which
is then histogramed. To eliminate geometrical factors,
we normalize the resulting histogram to its version ob-
tained with high-statistics set of randomly placed dyons.
All of the resulting correlation functions approach unit
value at large distances.
B. LL¯, MM¯ and ML correlations
The “twisted” L-type dyons are the ones which have
normalizable zero modes of the Dirac operator for anti-
periodic quark fields on the Matsubara circle (that is,
the physical fermions). This channel is therefore most
interesting, because it is directly related with the effective
U(1)a breaking and the “η
′ meson exchanges”.
Our correlation function for interacting ensemble, nor-
malized to that without interactions, is shown in Fig. 1.
One can see no counts at small distances, which is simply
a manifestation of the presence of the “repulsive core”:
the LL¯ configurations below certain distance simply do
not exist, see [14].
The next structure observed is a large positive cor-
relation. It is induced by both the classical attraction
in the LL¯ channel and the quark exchanges. While the
correlation effect is very strong, it also rapidly disap-
pear with the distance, more so than other correlation
functions to be discussed. Its large-distance behavior
should correspond to the effective η′ exchanges. The fit
to screened on-sphere propagator (discussed in appendix
B) gives large mass m/Tc ∼ 3, which is however only a
half of what it is at T = 0, in the QCD vacuum, which
is mη′/Tc = 958/155 ≈ 6. Perhaps this difference show a
partial U(1)a restoration, from T = 0 to T ∼ Tc.
3Note further a small dip below one seen at distance
around 1.2 in Fig. 1. Oscillating correlation function,
with a decreasing amplitude, are a clear sign of strongly
correlated liquids. This effect is similar but much weaker
than what one would see in a crystal. At this time we
are not sure what manybody structure has formed.
FIG. 1: (Color online) The correlation of LL¯ pair versus the
distance rT . Here, and in all other plots, the points corre-
spond to the following temperatures T/Tc(color, polygon) =
0.66(blue, 7), 0.78(red, 6), 0.92(green, 5) , 1.09(purple, 4),
1.28(orange, 3), in units of Tc. Triangle is the highest tem-
perature.
The correlation function for the MM¯ dyon channel is
shown in Fig. 2. Note that this channel has periodic
rather than antiperiodic quark zero modes. This means
that, unlike the previous case, the M -type dyons do not
become ’t Hooft effective vertices, and their correlator
does not include any quark exchanges. It indeed displays
a similar core, but much smaller correlations. Those are
induced by the classical (leading order) gluonic attrac-
tion studied in [14]. Their large-distance asymptotics
should thus provide a combination of electric and mag-
netic screening masses, which are m/Tc ∼ 2.
Note that unlike the LL¯ correlator, the MM¯ one shows
a systematic temperature dependence. The highest T ,
shown by triangles, show the strongest correlations. This
happens because the classical (leading order) interaction
is ∼ 1/g2(T ) ∼ log(T ) gets stronger at high T . Indeed,
the object discussed are “magnetic”, thus this unusual
direction of running of their effective correlations.
The last dyon channel we study is the ML one, cor-
responding to the instanton-forming pair. It is the so
called Bogomolny-Prasad-Sommerfeld (BPS) protected
channel, in which the classical (leading order) interaction
between the dyons vanishes. The correlation function
shown in Fig. 3 does not have the classical core, and is
concentrated at significantly smaller distances than other
two: perhaps indicating the instanton formation. The
observed effect is due to the one-loop interaction studied
by Diakonov et al [25] and implemented in our partition
function.
FIG. 2: (Color online) The correlation of MM¯ pair versus
the distance rT . The different points corresponds to different
temperatures as explained in Fig. 1.
FIG. 3: (Color online) The correlation of ML pair versus
the distance rT . The different points corresponds to different
temperatures as explained in Fig. 1.
III. THE FLUCTUATIONS
A. The setting
Lattice gauge theories are traditionally defined on a 4-
dimensional torus, by imposing periodic boundary condi-
tions for all 4 coordinates. The same geometry has been
4used for the instanton liquid simulations. Recent studies
of the instanton-dyon ensemble have been done using the
S3 sphere. The global charges – e.g. magnetic M and
electric E – are fixed by the amount of dyons, and thus
cannot fluctuate.
+
-
FIG. 4: (left) A sketch of the torus with the subvolumes cut
out; (right) The subvolumes of the S3 sphere are, after a stere-
ographic projection, the interior and exterior of the S2 sphere
as shown. The indicated ± charges can now be separated as
shown.
Cutting the torus by two planes, as shown in Fig.
4(left), one can obtain variable subvolumes V4. Note
that those have constant area A3. Therefore, the result
of studies of the fluctuation of Q in the instanton ensem-
ble with light fermions, reproduced in Fig. 5, at large
volume becomes horizontal (volume-independent). If the
volume in question, e.g. the 4-d torus used in lattice
or the S3 used in the instanton-dyon simulations, has a
boundary, like in sub-volumes to be discussed, the fluc-
tuations occur near it, basically in the volume
Vfluct ∼ AboundaryRscreening (1)
FIG. 17. Pseudoscalar correlator KP (l4) (upper panel) and scalar gluonic correlator KS(l4) (lower panel) as a function of the
length l4 of the subvolume l4×L3, from (Shuryak & Verbaarschot 1995). Screening implies that the correlator depends only on
the surface, not on the volume of the torus. This means that in the presence of screening, K(l4) goes to a constant. The results
were obtained for Nc = 3 and mu = md = 10 MeV and ms = 150 MeV. The upper solid lines correspond to a random system
of instantons, while the other solid line shows the parametrization discussed in text (the dashed line in the upper panel shows
a slightly more sophisticated parametrization). Note the qualitative difference between the data for topological and number
fluctuations.
where D(m,x) = m/(4π2x)K1(mx) is the (euclidean) propagator of a scalar particle and φ is the η − η′ mixing
angle. The correlator (227) has an obvious physical interpretation. The local terms is the contribution from a single
instanton located at the center, while the second term is the contribution from the screening cloud. One can easily
check that the integral of the correlator is of order m2π, so χtop ∼ m in the chiral limit. We also observe that the
screening length is given by the mass of the η′.
Detailed numerical studies of topological charge screening in the interacting instanton model were performed in
(Shuryak & Verbaarschot 1995). The authors verified that complete screening takes place if one of the quark masses
goes to zero and that the screening length is consistent with the η′ mass. They also addressed the question how the
η′ mass can be extracted from topological charge fluctuations. The main idea is not to study the limiting value of
⟨Q2⟩/V for large volumes, but determine its dependence on V for small volumes V < 1 fm4. In this case, one has to
worry about possible surface effects. It is therefore best to consider the topological charge in a segmentH(l4) = l4×L3
of the torus L4 (a hypercube with periodic boundary conditions). This construction ensures that the surface area of
H(l4) is independent of its volume. Using the effective meson action introduced above, we expect (in the chiral limit)
KP (l4) ≡ ⟨Q(l4)2⟩ = L3
(
N
V
)
1
mη′
(
1− e−mη′ l4) . (228)
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FIG. 5: An example of the susceptibility in sub-box χsublat
as a function of the fraction of the total box, x/L, from [24].
The thin parabolic line corresponds to randomly placed in-
stantons and antiinstantons, the dots are for the interacting
instanton liquid. Strong screening of the topological charge
in this model is evident. Thin lines show different fits, from
which the value of mη′ was extracted.
The setting of the instanton-dyon simulations we will
study is different. The S3 sphere, imbedded into 4-d
space, can be cut into two parts by a single plane. It is
convenient to think about the stereographic projection of
this sphere back to the 3-d space. The resulting bound-
ary is the S2 sphere, with the 3-d subvolumes being its
interior and exterior space, as shown in Fig. 4(right).
We remind that the volumes of both subvolumes are fi-
nite, see details in the appendix. When the radius of the
boundary grows, its area reaches a maximum, at the an-
gle ψ = pi/2, and then decreases, due to the r-dependent
factor induced by the stereographic projection.
B. The fluctuating charges
One can either study fluctuations of each dyon type,
or of their particular combinations. We propose instead
to focus on the fluctuations of the following global quan-
tum numbers, the topological charge Q, the magnetic
and electric charges M and E, and the action S
χQ =< Q
2 >
χM =< M
2 >
χE =< E
2 > − < E >2 (2)
χS =< S
2 > − < S >2
Note that the last two have a non-zero VEV, which needs
to be subtracted. The average magnetic charge < M >=
0 because dyon ensembles have equal number of dyons
and anti-dyons. The electric charge is different, because
in general nM 6= nL.
The former one is the well known topological suscepti-
bility, long studied on the lattice. Its usual definition in-
cludes division by the 4-volume V4 and the limit V4 →∞,
which eliminates the dependence on the volume shape.
As it was already emphasized in [24], not only is this
limit unnecessary, the study of the fluctuations depen-
dence on the volume shape and size reveals such valuable
information as the screening lengths for the corresponding
charges. For Q it is known as the η′ mass, and for M,E
as the magnetic and electric screening masses mM ,mE –
all three subject for separate lattice measurements.
Let us further remind that in QCD-like theories with
light quarks the topological susceptibility vanishes in the
chiral limit m → 0 and is suppressed by the powers of
the nonzero quark masses, O(m) at T < Tc and O(m
Nf )
at T > Tc. The latter is just the suppression due to ’t
Hooft zero modes.
At high T > 2Tc the VEV of the Polyakov line
< P >≈ 1 and the nontrivial holonomy fields are prac-
tically absent. That means the topological objects are
the instantons (or, more precisely, their finite-T version
known as calorons). Since at such T the instanton actions
are large and density exponentially small, one expects,
and indeed observes on the lattice, that the topological
ensemble is represented by the Dilute Instanton Ensem-
ble (DIE). Diluteness leads to the Poisson statistics of
fluctuations, and thus χQ basically gives us the instan-
ton density.
5At lower T < 300−400MeV , the VEV of the Polyakov
line takes some values between 1 and 0, and the ap-
propriate ensemble should be described in terms of the
instanton-dyons. While all of them have the topologi-
cal charge Q, only “twisted” L-kind have fermionic zero
modes. Therefore, fluctuations of Q and fermion mass
suppression should in principle become decoupled. In
particularly, in the chiral limit there should be a non-
zero χQ due to M -type dyons.
FIG. 6: The mean topological charge squared < Q2 > in a
subvolume, versus the cut parameter cos(ψcut).
C. Fluctuations in the instanton-dyon ensemble
In Fig. 6 we show a typical histogram, displaying fluc-
tuation of the topological charge < Q2 > as a function of
the size of the subvolume. It has a characteristic symmet-
ric shape, because fluctuations in a small volume and in a
complementary volume which includes the whole sphere
without a small part, are identical.
In order to understand them better, one needs to nor-
malize such histograms to a distribution calculated for
uncorrelated dyons. The uncorrelated case is only vol-
ume dependent and one can therefore write the probabil-
ity for finding n out of N charges in a sub-volume V of
the total volume V0, as
P (V, n) =
N !
n!(N − n)!
(
V
V0
)n(
1− V
V0
)N−n
(3)
Which gives the fluctuation when summed over the
charge squared for all n.
The resulting plots are shown in Fig. 7. Note, that
if the ensemble be an ideal gas, by definition all plots
should show values equal to one.
Few comments on those are in order:
(i) The fluctuations of all charges are very similar. They
all seem to be of the “volume” kind, since the plots nor-
malized to random ensemble all look rather flat.
(ii) The absolute value of the fluctuations is however not
one, but smaller. This reflects presence of an attraction
FIG. 7: (Color online) The normalized fluctuations of the
topological charge Q, the magnetic charge M , the electric
charge E and the action S, as a function of subvolume cut
cos(ψcut). Because of symmetry of the distributions, only
one half of it is shown. The l.h.s., cos(ψcut) = 0 corre-
sponds to cutting the sphere into two equal halfs, the r.h.s.
at cos(ψcut)→ 1 corresponds to cutting off a very small part.
The different points corresponds to different temperatures as
explained in Fig. 1.
between opposite charges, resulting in formation of “neu-
tral clusters”, pairs etc.
(iii) Like for the correlations discussed above, we observe
only very small temperature dependence of the fluctua-
tions.
(iv) There are visible deviations from constant value of
the normalized fluctuations at the “wings” of the distri-
butions. Those appear when the sub-volume dimension
becomes comparable to the micro correlation lengths of
the objects themselves.
(v) Some combinations of dyon interactions have a hard
core in the ensemble. This cuts out possible small fluctu-
ations, and is at least partially responsible for the values
far off one at small volumes, ie. x-axis close to 1.
We do not try fitting those deviations for the values of
the screening masses, as those were much better displayed
by the correlation measurements reported above.
IV. SUMMARY AND DISCUSSION
Short-range correlations between LL¯ dyons is the chan-
nel corresponding to the < QQ > correlator in the QCD
vacuum, in the sense that both are related to quark-
induced forces and large η′ mass. The main conclusions
one can get from our discussion of this correlation func-
6tion in section II B are: (i) like in vacuum, this channel
shows the largest screening mass; (ii) the screening effect
in studied T range is basically T -independent.
This is to be compared to the long-distance corre-
lations associated with chiral symmetry breaking. For
T < Tc we know that there appear very long “topolog-
ical clusters”, leading to very small Dirac eigenvalues,
which are absent at T > Tc. So, two different approaches
to the topology correlations are clearly complementary.
TheMM¯ dyon channel does not have quark exchanges.
It display smaller correlations induced by classical (lead-
ing order) attraction studied in [14]. The ML dyon chan-
nel corresponds to the instanton-forming pair. It is the so
called Bogomolny-Prasad-Sommerfeld (BPS) protected
channel, in which the classical (leading order) interac-
tion between the dyons vanishes.
The second part of the paper is devoted to
fluctuations of certain charges in subvolumes. In princi-
ple, those should be sensitive to corresponding screening
lengths, provided those are comparable with the actual
dimensions of these subvolumes. However the data pre-
sented in section III do not show any clear shape differ-
ence between the interacting ensemble of dyons and the
random one: perhaps all of them only depend on the size
of the subvolume.
These results are by no means trivial, they can and
should be used in order to determine on the lattice where
the transition from the instanton gas to the instanton-
dyon plasma takes place. Recall that the instanton en-
semble has no fluctuations of the magnetic charge at
all, while the instanton-dyon plasma predicts certain
relations between topological and magnetic charges, as
shown above. The instanton ensemble in the chiral limit
mq → 0 has no χ proportional to the volume, since single
instantons in this limit disappear. The instanton-dyon
ensemble, on the other hand, even in the chiral limit, has
non-zero χ fluctuations due to M -dyons.
Appendix A: The instanton-dyon ensemble
This section contain brief reminder of the model used.
The so called instanton-dyons are instanton constituents.
Their sizes and actions depend on one crucial parameter,
the so called holonomy value ν(T ), related to the mean
value of the Polyakov line. At high T > 2Tc the VEV
of the Polyakov line < P >≈ 1 and the holonomy disap-
pears, ν ≈ 0. At T < Tc < P >≈ 0 and the holonomy
takes the so called “confining value”. In the considered
case of the SU(2) color ν ≈ 1/2.
The two-color theory has 4 instanton-dyon types,
M,L, M¯, L¯. M and L are selfdual, the other anti-
selfdual. The actions of those, and their interactions,
have been defined semiclassically. Certain number of the
dyons – in the ensemble used 64 of them – are put on the
3-dimensional sphere S3. Standard Metropolis algorithm
and “integration back” method are used to calculate the
free energy. The value of the parameters – such as holon-
omy value ν and the densities of different types, nM 6= nL
– are defined from the minimum of the free energy, and
thus are temperature dependent.
Briefly, about geometry of the S3 sphere. Its volume
is V3 = 2pi
2R3, where R is the radius. Since the dyon
density decreases with temperature, and we keep their
number fixed, this radius is also increasing with T .
We work with locations on the S3 sphere using 4-
dimensional unit vectors. Standard three standard polar
angles ψ, θ, φ can be used to define coordinates
~n = [sin(ψ] sin(θ) sin(φ), sin(ψ) sin(θ) cos(φ),
sin(ψ) cos(θ), cos(ψ)] (A1)
The corresponding metrics is
dl2/R2 = dψ2 + sin2ψdθ2 + sin2ψsin2θdφ2, (A2)
and the volume element reads
dV = sin2(ψ) sin(θ)dψdθdφ (A3)
Subvolumes, used in the fluctuation section, are defined
via the boundary plane ψ = ψcut.
The points on the sphere can be mapped onto points
on its equatorial plane Xi, i = 1, 2, 3 via standard stere-
ographic projection. The subvolumes correspond to the
interior and exterior of a S2 sphere, with the radius de-
fined by ψcut. The projected volume element on the plane
Xi, i = 1, 2, 3 is given by a version of Riemann formula
dV = (
2
1 + r2/R2
)34pir2dr (A4)
The first factor makes the integral to r =∞ convergent,
and equal to that of the original sphere.
Appendix B: Screening in the infinite volume and on
the S3 sphere
General expressions for the point-to-point 3d correla-
tor of charges, e.g. the topological charge Q, takes the
standard Yukawa form with a screening mass (inverse ra-
dius) m
K(|x− y|) =< Q(x)Q(y) >= (B1)
δ(x− y)− 1
4pi|x− y|exp(−|x− y|m)
in which the first term is say a positive charge and the
second is its “compensated” negative charge. The nor-
malization corresponds to the integral over either x or y
to vanish, < Q >= 0. This feature is also well known in
the q → 0 limit of its Fourier transform
K˜(q) = 1− 1
q2R2 + 1
=
q2R2
q2R2 + 1
(B2)
7In flat space fluctuations in a subvolume V can be de-
scribed by the double integral
IV =
∫
x,y∈V
d3xd3yK(|x− y|) (B3)
On the 3-dimensional sphere S3 one needs to find the
analog to the Yukawa potential. The screened Coulomb
potential of a charge, placed on the north pole of the
S3 sphere ψ = 0, can be found from the ψ-part of the
Laplacian, which reads
1√
g
∂µ(
√
ggµν∂νf) = f
′′(ψ) +
2
tan(ψ)
f ′(ψ) (B4)
Adding the mass term, one finds the needed analogue of
the Yukawa potential to be
f(ψ) =
exp[−√−1 +m2R2ψ]
4pisin(ψ)
(B5)
Note the presence of the second singularity at the south
pole ψ = pi, which is however exponentially suppressed by
exp(−mRpi) and disappear for large macroscopic spheres
mR 1.
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